This paper finds that all known parametric families of units in real quadratic, cubic, quartic and sextic fields with prime conductor are linear combinations of Gaussian periods and exhibits these combinations. This approach is used to find new units in the real quintic field for prime conductors p = n* + 5n3 + 15n2 + 25n + 25.
Introduction.
The idea that it might be of interest to explore the connection between Gaussian periods and cyclic units arose from the obvious fact that for 4p = L2 + 27 Shanks's "simplest cubic" [10] and the Gaussian cubic are related by a translation. Moreover, this is also the case for p = a2 + 16 for Marie Gras's "simplest quartic" [2] and the cyclotomic quartic, as well as the "simplest quadratic"
in [10] .
Since there were no known quintic units, while the cyclotomic quintic polynomial [6] and its discriminant [7] were given by the author many years ago, it seemed worthwhile to try to discover some quintic units as linear transforms of the periods for some sequence of primes. This was accomplished for primes of the form p = n4 + 5n3 + 15n2 + 25n + 25.
Subsequently, it was shown by René Schoof and Lawrence Washington [9] that these were indeed fundamental units.
In another direction, Marie Gras [1] , and later Günter Lettl [8] , considered for 4p = 1 + 27M2 a cubic whose roots are units, but which is no longer a translation of the Gaussian cubic. However, its roots are linear combinations of the roots of the Gaussian cubic and therefore generalized Gaussian periods. A similar relation holds between the roots of Marie Gras's quartic [2] for p = I + 16b2 and the cyclotomic quartic, except that the coefficients in the linear combination of the roots are excessively large, as we shall see in Section 4. Section 6 will be devoted to similar results for the sextic with 4p = L2 + 27, given by Marie Gras [3] , [4] . We have not studied the case of 4p = 1 + 27M2, but we expect that there exists a similar relation.
Notation.
We will use the notation of cyclotomy as follows: p = ef + 1 is a prime, where e is the degree of the polynomial e-l He proved that for e a prime, all the factors of the discriminant and of the numbers represented by the polynomial whose roots are the generalized periods must be eth power residues of p. When e is composite, however, the polynomial may have exceptional factors which must divide the discriminant. In what follows we will be considering a special case of generalized periods Oj which are units. We will show that every known cyclic unit is a generalized Gaussian period and find the actual constants c¿ in (2.3).
3. The Cubic Case. The Gaussian cubic for 4p = L2 + 27M2 is
with discriminant D(F3) = p2M2. Shanks's "simplest" cubic is given by [10] She also defines (4. 3) z2 = (t2 -Ar -8)/p and x2 + y2 = (t2 -2r + 4)/p.
As in the cubic case, there are two cases according as a = 1 or b = 1. In both these cases, the field is totally real. The simplest case is when b = 1, so that p = a2 + 16 and t -a and r = 6 in (4.2), which becomes The roots 0¿ of (4.2) are negative reciprocals in pairs. Therefore, we can order the 0's so that (4.8) BQB2 = M3 = -IMarie Gras [2] gives two fundamental relations in terms of x, y, z defined in (4.3) for cyclic quartic fields, which in our case can be written: (4.9) t2 + pz2 + 16 = 2p(z2 + y2), -tz = (x2 -y2) -8bxy.
We next let These values of ct were subsequently checked by (4.2).
5. The Quintic Case. As was mentioned in the introduction, no quintic units were known, but the Gaussian quintic was given in [6] Hence, p is given by the quartic (5.6) p = n4 + 5n3 + 15n2 + 25n + 25.
We can now write the polynomial F*,(t) given in [6] in terms of n as follows: The discriminant of F5(t), given in [7] , reduces in this case to
Hence all the prime factors of n3 -I-5n2 + lOn + 7 are quintic residues of p and so are the divisors of all the numbers represented by either equation. We give a list of P5(y), together with their discriminants, for all appropriate primes p < 1000: n P5(y) -2 y5 + 4y4 + 2y3 -by2 -2y + 1 -3 y5+9y4 + 20y3 + by2 -lly + 1 1 y5 + y4 -28y3 + 37y2 + 25y + 1 -4 y5 + 16y4 + 62y3 + 57y2 -30y + 1 2 y5 + 4y4 -70y3 + 135j/2 + 54y + 1 -6 y5 + 36y4 + 266y3 + 527y2 -122y + 1 4 y5 + 16y4 -274y3 + 817y2 + 178y + 1 There may possibly be a second case for which p = 25n4 -25n3 + 15n2 -5n + 1, but we have not been able to find the coefficients, which could be quite large in this case.
6. The Sextic Case. The sextic period polynomials were given in [5] . Recently, Marie Gras [4] has given a sextic whose roots are units in a real sextic field. In the simplest case, in which (6.1) 4p = L2 + 27, p= 1 (mod 12) and L = 1 (mod 6), her equation can be written with n = \L\ as (6.2) P6(y) = y6 -(n -3)y5 -b^y4 -2Qy3 + b^y2 + (n + 3)y + 1.
If we let ipi be the roots of the cubic (3.2) with t = (L -3)/2, then it was shown in [4] that
where 0¿ are the roots of (6.2). Therefore, we have Similarly, for L < 0 we find that F3((-L + l)/6) = 1.
It is possible that there might exist another case of the sextic for 4p = 1 + 27M2 corresponding to the second cubic case, but one may expect very large coefficients in that case.
7. The Octic Case. In this case we consider primes of the form p = n4 + 16 which implies that p = (n2 -4)2 + 2(2n)2. We let 
